L-S CATEGORIES OF SIMPLY-CONNECTED COMPACT 
SIMPLE LIE GROUPS OF LOW RANK 



NORIO IWASE AND MAMORU MIMURA 



Abstract. We determine the L-S category of Sp(3) by showing that the 5-fold 
reduced diagonal A5 is given by u 2 , using a Toda bracket and a generalised 
cohomology theory h* given by h*(X,A) = {X/A, S[0, 2]}, where §[0,2] is the 
3-stage Postnikov piece of the sphere spectrum 8. This method also yields a 
general result that cat(S'p(n)) > n + 2 for n > 3, which improves the result of 
Singhof 0. 



1. Introduction 

In this paper, each space is assumed to have the homotopy type of a CW complex. 
The (normalised) L-S category of X is the least number m such that there is a 
covering of X by (m + 1) open subsets each of which is contractible in X. Hence 
cat{*} = 0. By Lusternik and Schnirelmann |Tq| , the number of critical points of 
a smooth function on a manifold M is bounded below by cat M + 1. 

G. Whitehead showed that ca,t(X) coincides with the least number to such that 
the diagonal map A m+ i : X —> []"' + X can be compressed into the 'fat wedge' 
T m+1 (X) (see Chapter X of |o)). Since ]J m+1 X/ T n+1 (X) is the (to + l)-fold 
smash product A m+1 X, we have a weaker invariant wc&tX, the weak L-S category 
of X, given by the least number to such that the reduced diagonal map A m +i : 
X -> A m+1 X is trivial. Hence wcat X < c&tX. 

T. Ganea has also introduced a stronger invariant Cat X, the strong L-S category 
of X, by the least number to such that there is a covering of X by (to + 1) open 
subsets each of which is contractible in itself. Thus wc&tX < ca.tX < CatX. 

The weak and strong L-S categories usually give nice estimates of L-S category 
especially for manifolds. Actually, we do not know any example of a closed manifold 
whose strong L-S, L-S and weak L-S categories are not the same. The following 
problems are posed by Ganea [Q: 

i) (Problem 1) Determine the L-S category of a manifold. 

ii) (Problem 4) Describe the L-S category of a sphere-bundle over a sphere in 
terms of homotopy invariants of the characteristic map of the bundle. 

Problem 1 has been studied by many authors, such as Singhof fl6|, |l7| , p"8[ , 
Montejano 113], Schweizer p5|, Gomez-Larrahaga and Gonzalez- AcuhaH , James 
and Singhof |P and Rudyak |13|, 14 1. In particular for compact simply-connected 



simple Lie groups, c&t(SU(n + 1)) = n for n > 1 by [161, cat(5p(2)) = 3 by [15[ and 
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c&t(Sp(n)) > n + 1 for n > 2 by fL7[ . It was also announced recently that Problem 
4 was solved by the first author J7|7 

The method in the present paper also provides a result for G 2 , and thus we have 
the following result. 

Theorem 1.1. The following is the complete list of L-S categories of a simply- 
connected compact simple Lie group of rank < 2: 



Lie groups 


Sp(l) = SU(2) = Spin(3) 


SU(3) 


Sp{2) = Spin(5) 


G 2 


wc&t 


1 


2 


3 


4 


cat 


1 


2 


3 


4 


Cat 


1 


2 


3 


4 



Although the above result is known for experts, we give a short proof for G2. In 
fact, the result for G 2 has never been published and is obtained in a similar but 
easier manner than the following result for Sp(3): 

Theorem 1.2. wcat(5p(3)) = cat(Sp(3)) = Cat(5p(3)) = 5. 



Remark 1.3. The argument given to prove Theorem provides an alternative 
proof of Schweizer 's result 

wc&t(Sp(2)) = cat(Sp(2)) = Cat(Sp(2)) = 3. 



The authors know that a similar result to Theorem 1.2 is obtained by Lucia 
Fernandez-Suarez, Antonio Gomez-Tato, Jeffrey Strom and Daniel Tanre Our 
method is, however, much simpler and providing the following general result: 

Theorem 1.4. n + 2 < wc&t(Sp(n)) < c&t(Sp(n)) < C&t(Sp(n)) for n > 3. 

This improves Singhof's result: cat(5p(n)) > n + 1 for n > 2. We propose the 
following conjecture. 

Conjecture 1.5. Let G be a simply- connected compact Lie group with G = 0™=i 
where Hi is a simple Lie group. Then wcat(G) = cat(G) = Cat(G) and cat(G) = 
Eticat^)- 

It might be difficult to say something about c&t Sp(n), but an old conjecture 
says the following. 

Conjecture 1.6. c&t Sp(n) = 2n — 1 for all n > 1. 

The authors thank John Harper for many helpful conversations. 



2. Proof of Theorem [TTT| 
Let us recall a CW decomposition of G2 from : 

G 2 = e° U e 3 U e 5 U e 6 U e 8 U e 9 U e 11 U e 14 . 
On the other hand, we have the following cone-decomposition. 
Theorem 2.1. There is a cone-decomposition of G2 as follows: 



G 



(5) 



SCP 2 , S b U e 7 



S s U e 10 



S 1 



(5) 



• G 
G 



(8) 
2 i 

(11) 



Go 



Proof. The first and the last formulae are obvious. So we show the 2nd and 3rd 
formulae: By taking the homotopy fibre F% of G 2 ► G2, we can easily observe 
using the Serre spectral sequence that the fibre has a CW structure given by S 5 U 
e 7 U (cells in dimensions > 7), where the cohomology generators corresponding to 
S 5 and e 7 are transgressive. Thus the mapping cone of S* 5 U e 7 C F\ — 1 



the homotopy type of G 2 ■ Similarly, the homotopy fibre F2 of G 2 °' G2 has a 
CW structure given by S 8 Ue 10 U (cells in dimensions > 10), where the cohomology 
generators corresponding to S 8 and e 10 are transgressive. Thus the mapping cone 



(8) 



G\ 0> has 



of S 8 U e 10 Cf 2 ^ G 2 8) has the homotopy type of G 



(ii) 



qld. 



Corollary 2.1.1. 1 > Cat(G^ 5) ) > Cat(G^ 3) ), 2 > Cat(Gf } ) > Cat{G ( 2 ] ), 3 > 



Cat(G^ n) ) > Cat(G 2 y; ) and 4 > Cat(G 2 ). 

Let us recall the following well-known fact due to Borel. 
Fact 2.2. H*(G 2 ; Z/2Z) = Z/2Z{x 3 ,x 5 ]/(xj,x 2 5 ). 



3 (9)\ 



Corollary 2.2.1. wcat(G^) > wcat(G 2 ° ; ) > 1, wcat(G 2 8) ) > wcat(G^) > 2, 
wcat(G^ n) ) > wcat(G 2 9 } ) > 3 and wcat(G 2 ) > 4. 

Corollaries [2.1.l| and 2.2.1 yield the following. 
Theorem 2.3. 
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This completes the proof of Theorem 



1.1 



3. The ring structure of h*(Sp(3)) 

To show Theorem [TTj , we introduce a cohomology theory h*{— ) such that h*(X, A) 
— {X/A, §[0, 2]}, where S[0, 2] is the spectrum obtained from § by killing all ho- 
motopy groups of dimensions bigger than 2. Then S[0, 2] is a ring spectrum with 
7if(§[0,2]) S Z[7y]/(r7 3 ,2r/), where 77 is the Hopf element in 7rf(S) = 7rf(S[0,2]). 
Thus h* is an additive and multiplicative cohomology theory with h* — h*(pt) = 
Z[e]/(e 3 , 2e), dege = —1, where e <E h^ 1 — ttq (£ _1 §) = Trf (S) corresponds to rj. 
The characteristic map of the principal Sp(l)-bundle 

Sp(l) ^ Sp(2) S* 7 

is given by uj = (13, 13) : S 6 — > >Sp(l) « 5 3 the Samelson product of two copies of 
the identity 13 : S 3 — > S* 3 , which is a generator of ^(S* 3 ) = Z/12Z. We state the 
following well-known fact (see Whitehead [po| ). 

Fact 3.1. Let ^ : 5 3 xS* 3 S* 3 be the multiplication of Sp(l) « S 3 . Then we have 

Sp(2) ~ S 3 lV (lxtl)) 5 3 xG(5 6 ) = S 3 U w G(S 6 ) U^,,^ G(5 9 ), 

where fj, : S 3 xS 3 U* X w {*}xG(S* 6 ) — ► S* 3 U w G(5 6 ) is given &?/ fi\g3 xS 3 = /1 and 
/*ls 3 u^c(S 6 ) = 1 the identity and [t3,x w ] r : 5 9 — -> S 3 xS 3 U* X w {*}xG(5 6 ) is i/ie 
relative Whitehead product of the identity L3 : S 3 —> S 3 and the characteristic map 
: (C(S 6 ),S 6 ) -» (S* 3 U e 7 ,^ 3 ) 0/ the 7 -cell. Thus we have 1 > Cat(Sp(2)( 3 )), 
U7) 



2 > Cat(5p(2)( 7 )) and 3 > Cat(Sp(2)). 



Let v : S 7 — > S 4 be the Hopf element whose suspension i/ n = E"~ 4 i; (n > 4) gives 
a generator of 7r I1+ 3(S' n ) = Z/24Z for n > 5. Then we remark that u> n = E n_3 o; 
(n > 3) satisfies the formula w„ = 2v n G 7r Il+ 3(5") for n > 5. By Zabrodsky pl[ , 
there is a natural splitting 

E^xS 3 U {*}x(S 3 U w e 7 )) ~ ES 3 V E(S 3 U w e 7 ) V E5 3 AS' 3 . 

Then by the definition of a relative Whitehead product, the composition of [13, u>] r 
with the projections to S 3 and S 13 U w e 7 are trivial and the composition with the 
projection to S 3 AS 3 is given by L^fajj. Thus we have 

E(/to[t 3 , w] r ) = H(p)oT,(l 3 Alu) — ±1SoLUi = 2voi/ 7 ^ 

in 7rio(S' 4 ) — Z/24Z(i/o;/ 7 )©Z/2Z(w4oi/7), and hence we have 

E 2 (/io[t3,w]'") = vjowg = 2v% = G 7r n (5 5 ) Z/2Z 

by Proposition 5.11 of Toda |^9|. The following two facts are also well-known. 

Fact 3.2. We have the following homotopy equivalences: 

Sp(2)/S 3 ~ (S* 3 xC(S 6 ))/(S 3 xS 6 ) = 5 3 AE(S' 6 ) = S 7 V S 10 , 

E 2 5p(2) ~ E 2 (S* 3 U w C(5 6 )) V E 2 ^ 10 = S 5 U W5 C(S* 8 ) V S 12 . 

Fact 3.3. The 11-skeleton of X3 2 = Sp(S) / Sp(l) has the homotopy type of 

S r U U7 e 11 . 

Restricting the principal <Sp(l)-bundle Sp(l) c — > Sp(3) — > X3.2 to the subspace 

xffl = S 7 U„ 7 e 11 of Z 3 , 2 , we obtain the subspace q-^xffi) = S^)' 14 ) of 5p(3) 

as the total space of the principal Sp(l)-bundle Sp(l) ^ Sp(3) (1 ^ -4 E(5 6 U„ e e 10 ) 
with a characteristic map : S 6 \J V6 e 10 — > Sp(l) « S 3 , which is an extension of 
lu : S 6 -> S 3 . 

Proposition 3.4. M^e /iGroe ifte following homotopy equivalences: 
5p(3) (14) ~ S 3 U MO (ix0) S 3 xC(S 6 U„ 6 e 10 ) 

= S 3 U C(5 6 U„ 6 e 10 ) U C(S 9 U Us e 13 ), 
5p(3)( 14 V5 3 ~ (S 3 xC(S 6 U U6 e w ))/(S 3 x(S 6 U Ue e 10 )) 

= 5 3 AE(5 6 U„ 6 e 10 ) = (S 7 U„ 7 e 11 ) V (S 10 U„ 10 e 14 ), 
Sp(n) ~ - 1) U Sp{n - l)xC(5 4 "- 2 ), 

where Sp(n — 1) C Sp(n)" 2n+1 > n ~ 11 ' /or n > 3, and hence 

Sp(n)/Sp{n)« 2n+ V n - 11 '> 

~ (5p(n - l)xC(5 4 "- 2 ))/(5p(n - l)xS 4 "- 2 

U Sp(n - i)((2»-i)(«-i)-ii) xC(5 4„-2 )) 
= {Sp(n - 1)/Sp{n - l)((3"-l)(n-l)-ll)) AS5 4»-2 

= • • • = (Sp(2)/0)AES 1O A • • • AE5 4 ™- 2 = (5p(2)+)A5 (2 ™ +1)n ~ 10 

= S (2„+l)„-10 v 5(2™+l)n-10 A ^ (2) 

= S (!ln+l)n-10 v (5 (2n+l)n-7 UlJ(2 „ + 1) „_ 7 e ( 2 »+l)™-3) V S(2«+D« /or „ > 3 . 

This yields the following result. 



Proposition 3.5. Let fi : S 3 xS 3 U^ x4 ,{*}x(S s U 4> C(S 6 U V(i e 10 )) -> S 3 U tj) C{S 6 U l/6 
e 10 ) be the map given by fils^xs 3 — M an d f l \s 3 u 4 ,c(S 6 u„ 6 e 10 ) — 1 the identity. Then 
we have the following cone decomposition of Sp{3): 

Sp(3) ~ S 3 U C(S 6 U U6 e 10 ) U-^ C(S 9 U Ug e 13 ) U C(S 17 ) U C(S 20 ). 

Corollary 3.5.1. 1 > Cat(Sp(3)< 3 )), 2 > C&t(Sp(3)W), 3 > Cat(Sp(3)( 14 >) > 
Cat(S'p(3)( 11 )) > C&t(Sp(3Y 10 ^), 4 > Cat(Sp(3)< 18 )) and 5 > Cat(Sp(3)). 

To determine the ring structures of h*(Sp(2)) and h*(Sp(3)), we show the fol- 
lowing lemma. 

Lemma 3.6. Let h* be any multiplicative generalised cohomology theory and let 
Q = S r Uf e q for a given map f : S* 9-1 — > S r with h*(Q) = h* (1, x, y), where x and 
y correspond to the generators of h*(S r ) = h*{xo) and h*(S q ) = h*(yo). Then 

x 2 = ±H h (X 2 (f))-y m h*(Q), 

where Xz(f) G ■n q {S 2r ) is the Boardman- Steer Hopf invariant equal to E/i2(/) 
the suspension of the James-Hopf invariant h 2 (f) (see and H h : ■n q (S 2r ) — > 
h 2r (S q ) = h 2r ~ q is the Hurewicz homomorphism given by H h (g) = T,* q g*(xo(>*)Xo). 

Proof. By Boardman and Steer M, A : Q 2 — S r U/ e q — » Q 2 f\Q 2 equals the 
composition {i 2 f\i 2 )°X 2 (f)°q 2 , where q 2 : Q 2 — > Q2/S r = S q is the collapsing map 
and i 2 : S r ^ Q 2 is the bottom-cell inclusion. Thus we have 

x 2 = A*(x®x) = ((i 2 M 2 )°\ 2 {f)°q 2 y "(x®x) 

= ?2(A 2 (/)*(^(a«(z))) = <Z2*(A 2 (/)*(^o^o)) = q* 2 (ZlH h (\ 2 (f))). 

Since T, q H h {X 2 (f)) is H h (X 2 (f))-y Q e h 2r (S q ) up to sign, we proceed as 

x 2 = q* 2 (±H h (X 2 (f))-yo) = ±i/' I (A 2 (/))-g 2 *(yo) - ±# ,l (A 2 (/))-y. 
This completes the proof of the lemma. QED. 

Using cohomology long exact sequences derived from the cell structure of Sp(3) 
and a direct calculation using Proposition 3.4 and Lemma |3.6| , we deduce the fol- 
lowing result for the cohomology theory h* considered at the beginning of this 
section. 

Theorem 3.7. The ring structures of h*{Sp{2)) and h*(Sp(3)) are as follows: 

h*(Sp(2)) = h*{l,x 3 ,x 7 ,y w }, 

h*(Sp(3)) = h*{l, x 3 , x 7 , x n ,y 1Q , y 14 , y ls , z 21 } 

with ring structures given by x 2 = e-x 7 , x 2 = 0, x\ x = 0, xj,x 7 — yio, x 3 xn = yu, 
X7X11 = yis and x^x-fXu = z 2 \, where e is the non-zero element in h . 

Remark 3.8. The two possible attaching maps : S 10 — > S 3 U w e 7 of e 11 discovered 
by Lucia Fernandez- Sudrez, Antonio Gomez-Tato and Daniel Tanre Q are homo- 
topic in Sp(2). So, we can not find any effective difference in the ring structure of 
h*(Sp(3)) by altering, as is performed in || 7 the attaching map of e 11 . 

Corollary 3.8.1. wcat(,S*p(3)( 3 )) > I, wc&t(Sp(3)W) > 2, wc&t(Sp(3)^) > 
wcat(5p(3)( 14) ) > wcat(S*p(3)( n )) > wcat(S*p(3)( 10 )) > 3 and wc&t(Sp{3)) > 4, 
together with wca,t(Sp(2)^) > 1, wcat(Sp(2)W) > 2 and wc&t(Sp(2)) > 3. 

5 



Corollary 3.8.2. 
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4. Proof of Theorem [l^ 



By Facts 3.1 and 3.2, the smash products A Sp(3) and A Sp(3) satisfy 

(A 4 5p(3)) (19) ~ S 12 U W12 e 16 V {S 16 V S 16 V S 16 ) V (S 19 V S 19 V S 19 V S 19 ), 
(A 5 5p(3))( 22 ) ~ S 15 U W15 e 19 V (S 19 V S 19 V S 19 ) V (S 22 V S 22 V S 22 V S 22 )- 

Then we have the following two propositions. 

Proposition 4.1. The bottom-cell inclusions i : S 12 A 4 Sp(3) cmd i' : S 15 
A 5 Sp(3) induce injective homomorphisms 

i, :7r 18 (0^7r 18 (A 4 Sp(3)( 18 >) and *'* = ^2i(5 15 ) ir 21 (A 5 Sp(3)), 
respectively. 

Proof. We have the following two exact sequences 



^ 18 (S 15 ) 1 7r 18 (5^) ^ 7r 18 (A 4 Sp(3)^) - TnsO^WWVS 10 ), 

^2i(5 18 ) £ ir 21 (S 15 ) 4 7r 21 (A 5 5p(3)) - tt 21 (S 19 VS 19 VS 19 VS 19 VS 19 ), 

where 7r 18 (S' 12 ) = 7r 2 i(S' 15 ) = Z/2Zi/ 2 5 and ?/> and -0' are induced from w 12 = 2^ 12 
and Wig = 2z/ 15 . Thus ^ and "0' are trivial, and hence i* and are injective. QED. 



Proposition 4.2. TTie collapsing maps q : 5p(3)( 18 ^ -> S'p(3)( 18 V5'p(3) (14) = S 18 
and q' : Sp(3) — » 5p(3)/5p(3) ( - 18 ' = 5 21 induce injective homomorphisms 

q* : 7r 18 (A 4 Sp(3)( 18 )) -► [Sp(3)( 18 \ A 4 Sp(3)( 18 )] and 
q>* : 7r 21 (A 5 5p(3)) -> [Sp(3), A 5 Sp(3)], 
respectively. 

Proof. Firstly, we show that q' is injective: Since we have [Sp(3), A 5 Sp(3)] = 
K5; 14 U Wl4 e 18 )V5 21 , A 5 5p(3)] = [S 14 U Wl4 e 18 , A 5 Sp(3)](Bir 21 (A 5 Sp(3)) by Proposition 



3.4 



g' is clearly injective. 



Secondly, we show that q* is injective: Similarly we have [Sp(3)( 18 ), A 4 5p(3)^ 18 ^] 
= [S u U Uli e 18 , A 4 5p(3) (18) ] by Proposition O Thus it is sufficient to show that 
q* : ir 18 (A 4 Sp{3)^) -> [S* 14 U Ul4 e 18 , A 4 ^^ 18 )] is injective, where q : S 14 U Ul4 
e 18 — > 5 18 is the collapsing map. In the exact sequence 

7r 15 (A 4 5p(3)( 18 )) 7r 18 (A 4 5p(3)( 18 ') £ [5 14 U W14 e 18 , A 4 5p(3)( 18 )], 

we know that 7ri 5 (A 4 S'p(3)( 18 )) Tr^S 12 U Wl2 e 16 ) = Z/2Z is generated by the 
composition of v\ 2 and the bottom-cell inclusion. Since v\ 2 °io\5 = G 7Ti 8 (S' 12 ), 
the homomorphism o->i5* is trivial, and hence q* is injective. QED. 

Then the following lemma implies that A4 and A5 are non-trivial by Propositions 
4~ll and O. 



Lemma 4.3. We obtain that A 4 = ioi/f 2 oq : Sp(3)^ -> A 4 Sp(3) (18) and that A 5 
= i'°vf 5 °q' : Sp(3) A 5 Sp{3). 

Proof. Firstly, we show that A4 = iov\ 2 °q implies A5 = i'oi>f 5 oq'. For dimen- 
sional reasons, the image of A : Sp{3) -> Sp{3)ASp{3) is in SpjS}^ ^ ASp(3)W U 
S 3 ASp(3)( m h Since Sp(3)^ is of cone-length 3 by Corollary |3.5.l| , the restriction 
of the map (1AA 4 )oA = A 5 to 5p(3)( 18 ) ASp(3)^ is trivial. Thus A 5 equals the 
composition 

A 5 : Sp(3) -> S 3 ASp(3)^ ^ 4 A 5 Sp(3) (18 > C A 5 Sp(3). 

Then by A4 = i°vf 2 °q, we observe that A 5 = i' o[t 3 Av1 2 )aq' = i'°vf 5 °q'. 

So, we are left to show A4 = i°v\ 2 °q. For dimensional reasons, the image of 
A : Sp(3)^ -> Sp(3) (18) ASp(3)^ is in Sp(3)^AS 3 U Sp(3) (11) ASp(3) (7) U 
S , p(3)( 7 >AS'p(3)( 11 ) US' 3 A5p(3)( 14 ). Since 5 3 U C(S' 6 U„ 6 e 10 ) is of cone-length 2 by 
Corollary E|, the restriction of A 3 : S*p(3)( 18 ) -► A 3 S>(3)( 18 ) to S* 3 U C(5' 6 U l , 6 e 10 ) 
is trivial. Hence 1AA 3 : Sp(3)^ AS 3 U Sp(3) ^ASp(3)^ U Sp^^AS^)* 11 ) U 
S 3 ASp(3)^ -> A 4 S , p(3)( 18 ) equals the composition 

1AA 3 : (Sp(3)ASp(3))^ A (S 3 U w e 7 )AS 10 U S 3 A(S 10 U„ 10 e 14 ) ^ A 4 (S 3 U w e 7 ). 

The map aoA : 5p(3)( 18 ^ -> (S 3 U w e 7 )AS' 10 U S' 3 A(S' 10 U^ e 14 ) equals the compo- 
sition 

aoA : Sp(3)^ -> S 14 U Wl4 e 18 -> (S 3 U w e 7 )AS 10 U S 3 A(S 10 e 14 ). 

Collapsing the subspace S 3 A(S 10 U„ 10 e 14 ) of (S* 3 U w e 7 )AS 10 U S 3 A(S 10 U„ 10 e 14 ), 
we obtain a map 

</o a oA:Sp(3)( 18 >-.S 7 AS 10 , 

where g' : {S 3 U w e 7 )AS' 10 U S 3 A(S 10 U Ul0 e 14 ) -> S^AS* 10 is the collapsing map. For 
dimensional reasons, q'oaoA equals the composition: 

q'oaoA : Sp(3)( 18 ) - Sp(3)^ / Sp(3)^ = S 18 ^ S 7 AS W . 

If 7 were non-trivial, then 7 would be rjn : S ls — > S* 17 , and hence we should have 
x 7Vw = £'Di8 7^ 0. However, from the ring structure of h*(Sp(3)) given in Theorem 
3.7, we know xjym = 0, and hence we obtain 7 = 0. Then the image of aoA is in 
the subspace S 3 A{S 10 U^e 14 ) of OS 3 e 7 )A5 10 U S 3 A{S W U„ 10 e 14 ), since they 
are 12-connected. Hence A4 = (1AA3)oA equals the composition 

A 4 : 5p(3)( 18 ) a ^ S 3 A(S 10 U„ 10 e 14 ) ^ S 3 A(A 3 (S 3 U w e 7 ))< 15 > C A 4 Sp(3) (18) , 

where (A 3 (5 3 U w e 7 ))( 15 ) is given by (S 3 U w e 7 )A5 3 A5 3 U S 3 A(S 3 U w e 7 )A5 3 U 
S 3 AS 3 A(S 3 U w e 7 ). Collapsing the subspace A 3 S" 3 of (A 3 (S' 3 U w e 7 ))< 15 \ we obtain 
a map 

q"o(3 : S w U„ 10 e 14 -> S 7 AS 3 AS 3 U S 3 AS 7 AS 3 U 5 3 A5 3 A5 7 , 

where g" : (A 3 (S 3 U w e 7 ))( 15 ) S 7 AS 3 AS 3 U S 3 AS 7 AS 3 U S 3 AS 3 AS 7 is the 
collapsing map. For dimensional reasons, q" °(3 equals the composition 

q"o(3 : S w U„ l0 e 14 -> S 14 X S ,7 AS ,3 AS' 3 V ^AS^AS 3 V S 3 AS 3 AS 7 . 

If 7' were non-trivial, then its projection to S 13 would be 7713 : S" 14 — > S" 13 , and 
hence we should have x\xi = e-yu ^ 0. However, from the ring structure of 



7 



h*(Sp(3)) given in Theorem 3.7, we know x\x^ = e-x^ = 0, and hence we obtain 
7' = 0. Hence the image of (3 lies in the subspace A 3 S 3 of A 3 Sp(3)( 18 ) . 
On the other hand, for dimensional reasons, aoA equals the composition 



S 14 U 



aoA : 5p(3) (18) 
a'|si 

„/| . cl4 7" cl3 



,18 a , 



S 3 A(S 1Q U U10 e 14 ), 



where the restriction a' I, 914 equals the composition 



S 3 A(S 1Q U V10 e 14 ). 



If it were non-trivial, then 7" would be 7713 : S* 14 — > 5 13 , and hence we should have 
x 3Vio = £'Ui4 7^ 0. However, from the ring structure of h* (Sp(3)) given in Theorem 
3.7, we know £32/10 = x\xi — e-Xj = 0, and hence we obtain 7" = 0. Hence aoA 
equals the composition 

aoA : Sp(3)^ ± S 18 ^ S 3 A(S 10 U Ul0 e 14 ), 
and hence A4 equals the composition 

A 4 : Sp(3)^ S S 18 £ S 3 A(S 10 U„ 10 e 14 ) ^ S 3 A(A 3 S 3 ) A A 4 Sp(3) il8 \ 



Now, we are ready to determine A4: By Theorem 3.7, we know x^xn = e-zis and 
x\ = e-X7, hence a" : S 18 —* S 13 Li Vl3 e 17 is a co-extension of 7716 : S 17 — > S 16 on 
S 13 U„ 13 e 17 and 1A/3 : S 13 U„ 13 e 17 -» S 12 is an extension of 7712 : S 13 -> S 12 .Thus 
the composition (lA/3)oa" is an element of the Toda bracket {^12, ^13, Vw} which 
contains a single element v\ 2 by Lemma 5.12 of [[L9), and hence A4 = iov\ 2 °q. QED. 



Corollary 4.3.1. wcat(Sp(3)( 18 )) > 4 and wc&t(Sp(3)) > 5. 

This yields the following result. 
Theorem 4.4. 



Skeleta 


Sp(3) (3) 


Sp(3) (7) 


5 P (3)( 10 ' 








Sp(3) 


wcat 


1 


2 


3 


3 


3 


4 


5 


cat 


1 


2 


3 


3 


3 


4 


5 


Cat 


1 


2 


3 


3 


3 


4 


5 



This completes the proof of Theorem 1.2 



5. Proof of Theorem 1.4 



We know that for 77 > 4, 



Spin)^ = Sp(4)^ = Sp(3) (14) Ue 15 , 

5-p( 4 )(i5) u ( e is v e i8) n = 4j 

Sp(4)( 15 )u(e 18 Ve 18 )Ue 19 n > 5, 



Sp(n)^ 
Sp(n)W 



Sp(n 



,(19) 



Ue 



21 



and that wcat(Sp(3)( 14 )) = cat{Sp{3)^) = Cat(S*p(3)( 14 )) = 3. Firstly, we show 
the following. 

Proposition 5.1. ?/;cat(Sp(4) (15) ) = 3. 



Proof. Since cat(Sp(2)) = 3, it follows that wcat(Sp(4)( 15 )) > 3 by Theorem 5.1 
of [[j). Hence we are left to show wcat(Sp(4)( 15 )) < 3: For dimensional reasons, 
A 4 = (AAA)oA : Sp(4)( 15 ) -> A 4 Sp(4) (15 '> equals the composition 

A 4 : Sp(4) (15) n Sp(4)^ASp(4)W ^ A 4 5p(4)( n ) - A 4 Sp(4p\ 
for some ao- By Fact 3/2, A : Sp(4)( n ) — * A 2 Sp(4)( n ) equals the composition 

A : ^(4) (U) ^ (S 7 V S 10 ) U e 11 3 A 2 (S 3 U w e 7 ) ^ A 2 Sp(4) (11) , 

for some /?o and 70. Then for dimensional reasons, (/3oA/3o)°ao : 5 , p(4)( 15 ^ — > 
((S 7 V S w ) U e n )A((S 7 V S w ) U e 11 ) and (~f A~f )\ S 7 AS i : S 7 AS 7 -> A 4 (S 3 U w e 7 ) 
are respectively equal to the compositions 

(A)AA))°a : Sp(4) il5) ^ S 7 AS 7 ((S 7 V S 1Q ) U e n )A((5 7 V S 10 ) U e 11 ), 

(7oA7o)|sr AS 7 : 5 7 A5 7 4 A 4 5 3 A 4 (5 3 U w e 7 ), 
for some a and 7g. Hence A 4 : Sp(4)( ls ) — ► A 4 Sp(4)( 15 ) equals the composition 

A 4 : 5p(4)( 15 ) ^ S 7 AS 7 4 A 4 S 3 A 4 Sp(4) (15) , 

where Sp(4)( 15 > = ,Sp(3)( 14 ) U e 15 . By Theorem 0^ = in h*(Sp(3)), and 
hence a annihilates S*p(3)( 14 ). Thus A 4 : Sp(iy^ -> A 4 Sp(4)( 15 ) equals the 
composition 

A 4 : Sp(4) (15) £ S 15 S S 14 4 S 12 ^> A 4 Sp(4)< 15 ) 

for some /3 , where q" : Sp(4)( 15 > -> Sp(4)( 15 7Sp(4) (14) = S 15 is the projection and 
i" : S 12 = S 3 AS 3 AS 3 AS 3 <-> A 4 S'p(4)( 15 ) is the inclusion. Hence the non-triviality 
of A 4 implies the non-triviality of f3' and Jq. Therefore A 4 should be i"°T)i 2 °q", if it 
were non-trivial. However, we also know from (5.5) of jl9) that n\ 2 is 12fia = Quj\ 2 
and that i"ouj 12 is trivial by Fact [H]. Therefore, A 4 : Sp{4)^ -> A 4 Sp(4)( 15 ) is 
trivial, and hence wcat Sp(4)( 15 ) < 3. This implies that wcat Sp(4)( 15 ) = 3. QED. 

Secondly, we show the following. 
Proposition 5.2. wcat(Sp(n)( 19 )) = 4 for n > 4. 

Proof. Since A 5 = ((l Sp( „))AA 4 )oA : Sp(n)^ -> A 5 Sp(n)( 19 \ it equals the com- 
position 

A 5 : Sp{n)( 19) 5 Sp(nY 16 '> ASp(n)^ = Sp(4) (15) ASp(4) (15) 



( 1 S P (4)<15)) AA 4 



A 5 Sp(A)^ ^ A 5 Sp(n)( 19 \ 



which is trivial, since A 4 : Sp(4)( 15 ) -> A 4 5p(4)( 15 ) is trivial by Proposition |~j 



Thus wcat(Sp(n)^) < 4, and hence wcat(Sp{n)^) = 4. Q£X>. 

Let pj : Sp(n) — * X„j = Sp(n) / Sp(n — j) be the projection for j > 1. Then we 
have the following. 

Proposition 5.3. Lei g'" : Sp(n) -> S , p(n)/5p(n)« 2 ™+ 1 )' 1 - 3 ) = S^n+i)™ fee toe 
collapsing map andi'" : 5 , ( 2 ™+ 1 )™-6 <^-> (A 5 Sp(n))AX nj „_ 3 A • • • AX n> i the inclusion. 
Then 

q"'*°i"'* ■ ^ { 2n+i)n{S (2n+1)n - Q ) - [5p(n), (A 5 5p(n))AX„,„_ 3 A ■ ■ • AX„,i] 



is injective. 

Proof. Firstly, we have the following exact sequence 

_ / c(2n+l)n-3\ I e(2n+l)n-6\ 

^ ^(2„ + i)n((A 5 Sp(n))Al n , n _ 3 A • ■ ■ AX n>1 ) 7r (2 „ +1)n (V 5 S (2 " +1) "- 2 ), 

where 7r (2 „ +1)rl (5 (2Tl+1) "" 6 ) = Z/2Z^ 2n+1)n _ 6 and is induced from uj {2n+1)n _ 6 
= 2^( 2n+ i)„_g. Thus ?/>"' is trivial, and hence i"'* is injective. 

Secondly, since (A 5 Sp(n))Al n , n _3A • • • AX^i) is (n(2n+ 1) — ll)-connected, we 
have 

[Sp(n), (A 5 Sp(n)) AX n ^ 3 A ■ ■ ■ AX n>1 ] 
= [(S( 2n+1 ^- 7 U W(2 „ +1) „_ 7 e ( 2n+1 )"- 3 ) V 5< 2 " +1 )", (A 5 Sp(n))AX n ^ 3 A ■ ■ ■ AX nA ] 
= [S^ 2n +^ n - 7 U W(2n+1)n _ 7 e ( 2 " +1 ) n - 3 , (A 5 Sp(n))Al n ,„_ 3 A ■ • • AX„,i] 
©7r(2«+i)n((A 5 Sp(n)) AX n ^ 3 A ■ ■ ■ AX nA ) 



by Proposition 3.4, and hence q'" is injective. Thus q h 



is injective. QED. 



Then the following lemma implies that ((l A 5s p („))Ap„_3A ■ • • Api)oA„+ 2 is non- 
trivial by Proposition |5.3|> and hence we obtain Theorem 1.4. 



Lemma 5.4. ((l A =s P (n))Ap„- 3 Ap„-4A • ■ ■ Api)oA n+2 



= z"V 2 



Proof. We have 

((lA 5 Sp(n))Ap„-3A • • • Api)oA„ +2 = (A 5 Ap„- 3 A • • • Api)°A„_ 2 
= (A5A(l A „-3 S p(„)))o((l 5p(n) )Ap„-3A • • • Api)°A„_ 2 . 
For dimensional reasons, the image of ((lsp(n))Ap n _3A ■ ■ • Api)oA„_ 2 lies in 
Sp{n) {2 ^AS 15 A • • ■ AS* 4 ™" 1 U Sp(n)^ AX„,„_ 3 A • • • AX nA . 

From Proposition |5.2| , it follows that A5 annihilates Sp(n)( 19 \ and hence it equals 
the composition 



A 5 : Sp(n 



,(21) 



s 



21 <> 



A 5 Sp(n)W 



for some 5 G 7r 2 i(A 5 S'p(3)). Then we obtain the following diagram except for the 
dotted arrow using Lemma 4.3, which is commutative up to homotopy: 



Sp(n)^ 



Sp(3) 




A 5 5p(n)( 21 ) 



A 5 Sp(3) 
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Since the pair (A 5 Sp(n) ,A 5 Sp(3)) is 26-connected for n > 4, we can compress 5 into 
A 5 Sp(3) as S ~ jo(5 . Thus we have 

joSaoq' ~ joi'oi/f 5 oq'. 

Now we know that dimS'p(3) = 21 < 26 — 1, and hence we can drop j from the 
above homotopy relation and obtain 

Oc,oq ~ z ojyJ 5 og . 

By Proposition [12], g'* : 7r 2 i(A 5 S'p(3)) — > [Sp(3), A 5 Sp(3)] is injective, and hence 
we obtain 

Thus A5 equals the composition 

A 5 : Sp(n)^ -» S 21 I 5 S 15 A 5 5p(n)( 21 ). 
Thus ((lA 5 5p(n))Ap n -3A ■ ■ • Api)oA„+2 equals the composition 
((lA=s P ( n) )Ap„- 3 A • • • Ap 1 )oA, i+2 : Sp(n) -> 5 21 A5< 2 "+ 7 ^"- 3 ) 

»^n+l)»-. s , 15aS ( 2 „+7)(„-3) ^ ( A B5p( n )) A X n)n _ 3 A ■ ■ • AI M . 

This completes the proof of the lemma. QED. 

References 

[1 
[2 



[9 
[10 
[H 
[12: 

[13; 
[14: 

[15 

[16. 
[17 



J.M. Boardman and B. Steer, On Hopf invariants, Comment. Math. Helv. 42 (1967), 180— 
221. 

L. Fernandez-Suarez, A. Gomez-Tato and D. Tanre, Hopf-Ganea invariants and weak LS 
category, Top. Appl. 115 (2001), 305-316. 

L. Fernandez-Suarez, A. Gomez-Tato, J. Strom and D. Tanre, The Lusternik-Schnirelmann 
category of Sp(3), preprint. 

T. Ganea, Some problems on numerical homotopy invariants, Symposium on Algebraic 
Topology, Lect. Notes in Math. 249, Springer Verlag, Berlin (1971), 13-22. 
J. C. Gomez-Larranaga and F. Gonzalez-Acuiia, Lusternik-Schnirelmann category of 3- 
manifolds, Topology 31 (1992), 791-800. 

N. Iwase, Aao-method in Lusternik-Schnirelmann category, to appear in Topology. 
N. Iwase, L-S category of a sphere-bundle over a sphere, preprint. 

I. James, The topology of Stiefel manifolds, Cambridge University Press, Cambridge, 1976, 
London Math. Soc. Lec. Notes 24. 

I. James and W. Singhof, On the category of fiber bundles, Lie groups, and Frobenius maps, 
Contemp. Math. 227 (1999), 177-189. 

L. Lusternik and L. Schnirelmann, Methodes topologiques dans les Problemes variationnels, 
Hermann, Paris, 1934. 

M. Mimura and T. Nishimoto, On the cellular decomposition of the exceptional Lie group 
G2, Proc. Amer. Math. Soc., to appear. 

L. Montejano, A quick proof of Singhof 's cat(M xS ) = cat(M) + 1 theorem, Manuscripta 
Math. 42 (1983), 49-52. 

Y. B. Rudyak, On the Ganea conjecture for manifolds, Proc. Amer. Math. Soc. 125 (1997), 
2511-2512. 

Y. B. Rudyak, On category weight and its applications, Topology 38 (1999), 37-55. 

P. A. Schweizer, Secondary cohomology operations induced by the diagonal mapping, Topology 

3 (1965), 337-355. 

W. Singhof, On the Lusternik-Schnirelmann category of Lie groups, Math. Z. 145 (1975), 
111-116. 

W. Singhof, On the Lusternik-Schnirelmann category of Lie groups II, Math. Z. 151 (1976), 
143-148. 

11 



[18] W. Singhof, Minimal coverings of manifolds with balls, Manuscripta Math. 29 (1979), 385- 
415. 

[19] H. Toda, Composition methods in homotopy groups of spheres, Princeton Univ. Press, Prince- 
ton, 1962, Ann. of Math. Studies, 49. 

[20] G. W. Whitehead, Elements of homotopy theory, Springer Verlag, Berlin, 1978, GTM series 
61. 

[21] A. Zabrodsky, Hopf spaces, North-Holland, Amsterdam, 1976, North-Holland Math. Studies, 
22. 

(N. Iwase) Faculty of Mathematics, Kyushu University, Ropponmatsu Fukuoka 810- 
8560, JAPAN. 

E-mail address: iwaseamath.kyushu-u.ac.jp 

(M. Mimura) Department of Mathematics, Okayama University, Okayama 700-8530, 
JAPAN. 

E-mail address: mimura@math.okayama-u.ac.jp 



12 



